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Abstract 

In this paper we investigate distribution of zeros for once quasipolynom and 
obtain exactly lower-bound for their modulus 



As is known [1], [2] in connection with the investigation of completenecess 
of a system of eigen and adjoint elements of definite class of spectral prob- 
lems in general not being regular by Tamarkin-Rasulov [5] , there arises the 
necessity of studying properties of entire analytical functions of the form 



[k-is natural, and Ak ^ - are complex constants), which is of special 
interest. 

Note that in paper [3] we have obtained the function A (A) (A(A) -is 
called a characteristic function) which is an entire analytical function on 
complex parameter A and the studying a some its properties (for exam- 
ple distribution of zeros, distance between two zeros, lower estimation for 
modules and so on) is very important step in spectral theory of differential 
operators. 

The present paper is continuation of [3] and the function of the form 
(1) is a special case of A(A). 

Infroduce into consideration the following sets of points of the complex 
surfare C : 



fk{X) = e^ + AkX' 




^RiR2{Xq) = {A; Ri < \X — Ao| < R2} , ^Ri,R2 
nR{Xo) = {X;\X-Xo\<R}, 1 
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rlj{h, R) = {A; ReX + {-ifk In | A| = h, {-lyjmX < O} n Qr^o 

Tl{h,R)=UT%^ 
Iil^{h,R) = {A; |i?eA + (-l)'^A;ln|A|| < h, {-lyjmX < 0}nnR, 

Ulih,R)=U Uljih,R), 

TiiiK R) = {A; ReX + (-l)^A;ln |A| < -h} n Q^,oo, 

rf2(/i, i?) = c\Tfi(/i, i?) u nf (/i, i?) u Uo,R, 



T,'{KR) = UT,%h,R)., 



Sr'= A; 



argA+(-ir- 



where < i?i < i?2 < oo, R>0, h > 0, i = 1, 2; j = 1, 2; 
5= 1,2; (5 > 

Now let's investigate of some properties of the function fk{X): 



(2) 



\fkiX)\ > \Ak\ \X\' [1 - |Bfc|e^^^-^H^I] > lAI |A|^ [1 - \Bk\e- 
where \Bk\ = 

At the condition A G T^\(/i, i?) and choosing /i > ln2 we arrive at 
the estimation of the form 



(3) 



and at the condition A G T^2ihj ^) we arrive at the following estimation of 
the form 

IA(A)|>^K|, if/i>ln2|A| (4) 
Thus it was proved: 

Lemma 1. The function fk{X) at the sufficiently large h > 0, R > in 
the domain Tl^{h, R) and T^2{^^ ^) hasnt zeros. And what is more the es- 
timations (3) and (4) are true for it. Absence of zeros of the function fk{X) 
in the domain T^i(/i, R) and T^2{^j ^) is obvious from the estimations (3) 
and (4). Proceeding from the definition of the curvilinear bands Hkji^^ ^) 
the folloving is easily proved. 

Lemma 2. For any 6 > and h > we can find R> 0, such that 



2 



nf^-(/i,i?)csi^)uEf 

Let's prove now the following lemma. 

Lemma 3. The function /^(A) in the complex surfare C has denumerable 
sets of zeros {Xj^k} with unique limit point A = oo which at sufficiently large 
h > 0, R > 0, is situated in the domain n^(/i, R) UQ,o^r . These zeros allow 
the asymptotic representation: 



Kk = In 



1^ 



[27r|z/ 



+ i (27ru + TT + Y + arg Afcj + 1^ 



In 



(5) 



Proof. The assertion of the first part of the lemma follows from the 
general theory of Picard [4] and from lemma 1. Prove the second part of 
the lemma. 

/fc(A) = 
+ AkX^ = 
• A-^ = -Au 

A - A; In |A| = In + ^ (arg(-^A;) + 2tiv) . 

make the substitution A — 27^ vi = 
then 



= \n\Ak\ +i&Tg{-Ak) + k\n\ = 
= In \Ak\ + i (argAfc + tt) + A; In {27ri/i + = 



= In \Ak\ + i i&TgAk + tt) + /c In 



27Tm 1 + 



27rz/z, 



= \n\Ak\ -\- i {argAk -\- ir) -\- k\n{27rui) -\- k\n ^1 + 



smce 



lim In f 1 + -^"l = 0, In f 1 + -^"j = (-^] = o( 



In \v\ 



V 



= In + ^ (arg A + tt) + A; ln(27rzyi) + 



In \v\ 



V 
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then we find 

From (5) we see that at large |z^| we have 

|A,+i-A,| =27r + 0(l) (6) 

Consequently there exists 6 > such that the circles of Q,s{X^) are 
mutually exclusive and at the sufficiently large h > 0, R > wholly lie in 
the domain n^(/i, R) U Q,o^r . From the asymptotic formulae (5) and (6) 
we see that straight lines 

lu,k = I A : JmX = JmXy ~ + + | 

are perpendicular to the imaginary axis ReX = at all possible difTerent, 
sufficiently large (by the modulus) values u are different and divide the 
domains Tl\{h^R) into the curvilinear quadrangles Di>k = Di,k{h, R) with 
lateral boundaries on the lines j).{—h,R), j},{h,R) and with the base on 
the straight lines lu-i,k > ^!/,A;-The length of the diogonal of a quadrange 
denote by 

di^ = sup |A — //| . 

Introduce the foUoving notation n^(/i, R, 6) = Ill{h, R)\ JJ rio,j(A,y), where 
the sigh of unification is propagated on all u such that 

X,eIi\{h,R), 

^kv = ^kv \ ^Q,5{Xy)- 

The following lemma is true. 

Lemma 4. There exists the constant > , such that at A G n^(/i, i?, 5) 
it halds the inequality 



l/fc(A)|>C,|A|^ (7) 
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